We show how the de-coherence induced on an arbitrary qubit state by a large class of channels can be overcome by weak measurements and suitable pre and post processing. The average input-output fidelity can increase up to 30 percent with suitable tuning of the weak measurement parameter.
Introduction
Quantum states passing through quantum channels undergo a noise effect which is generally modeled by a quantum channel or a completely positive trace-preserving map or CPT for short [1] . Such a channel is defined by its Kraus representation as
where the Kraus operators A i can be interpreted as probabilistic noise operators which change the input state ρ to the state ρ i = 1 T r(AiρA † i ) A i ρA † i with probability p i = T r(A i ρA † i ). Mathematically these are the most general operations, including non-unitary dynamics or measurements that can be envisaged acting on a quantum state. Practically the most important quantum channels are the two dimensional ones, i.e. those which act on qubit states. The reason for this preference is clear enough since qubit states are the most common and the most studied candidates for storing and manipulating quantum information [2] , [3] .
A qubit state passing through a channel necessarily loses its fidelity with the input state and various kinds of error correction methods have been developed to retrieve the original state by measuring the error syndrome and then making necessary corrections [4, 5] . All these schemes require that the input state be encoded into a larger Hilbert space which necessarily lowers the rate of information transfer. As a complement to this method one may use other methods like quasi-inversion [6] or pre-and post-processing [7, 8, 9] by weak measurements [10, 11, 12, 13] . In the former, one tries to find a channel which increases the average input-output fidelity when appended to the original channel. In the later methods, one makes suitable weak measurements before and after the channel to achieve a similar goal. In particular in [14, 15] and [16] , this method has been used to protect entanglement and quantum discord of two qubit systems when one of the pair of qubits is passing through an amplitude damping channel. In [17] and [18] , it has been proved that the effects of amplitude damping de-coherence on two-qutrit entanglement and quantum discord can be suppressed remarkably by weak measurements and quantum measurement reversal.
In this paper, we look at this problem from a more general point of view and show how the de-coherence of a large class of qubit channels can be reduced by weak measurements combined with proper unitary operations. The channels which we will consider consists of a multi-parameter family of channels, which contain the amplitude damping channels as a special case. Moreover we do not focus on combating de-coherence of special cases of input states, but rather we are concerned with protecting all states on the average. This is measured by comparing the average input-output fidelity before and after processing by weak-measurements.
The structure of the paper is as follows. In section (2), we introduce the processing by weakmeasurement and the rationale behind this kind of processing. In section (3) we classify all qubit channels which have one pure invariant state. This is a four-parameter family of qubit channels which contain many channels, including the amplitude damping channel as a special case. In section (4) we calculate the average fidelity of channels both before and after processing and present the final results in figure (2).
Protecting a qubit state by weak-measurement
The rationale behind our work is the following observation and intuitive reasoning. Consider Fig. (1) , where the channel E has a pure invariant state |λ . This channel transmits its invariant state undisturbed and distorts or de-coheres any other state. One may therefore do a pre-processing by making a weak measurement with the two elements
and
where |λ and |λ ⊥ are mutually orthogonal basis states and |λ indicates the invariant state of the channel. If one considers p to be a positive parameter close to 1, then the output state
T r(W0ρW0 † ) passes through the channel E with little distortion, while the output state
, if left to itself, usually undergoes a large distortion (For ease of notation, in writing ρ i we have indicated W i (λ) simply by W i ). To reduce distortion, we flip the output state ρ 1 by the operator F ,
pass it through the channel E and invert it again by the action of F −1 . It is like passing through a selective gate with a fake identity and then recover the true identity after that, or to put it differently, it is like when a tall person passes through a short gate by bending temporarily. The final state is expected to undergo less distortion compared to the time when this processing is not performed. The output states ρ 0 in the upper branch and ρ 1 in the lower branch are obtained respectively with probabilities P 0 = T r(W 0 (λ)ρW 0 (λ) Figure 1 : Schematic of the state protection protocol. Weak measurement W followed by two unitary operations F and F −1 before and after the channel. We will show in the text that any such channel with the inversion operator is equivalent to a channel with invariant state |0 and F equal to the first Pauli operator X = |0 1| + |1 0|.
The new composed channel which we denote by Φ is of the following form:
where the new Kraus operators are obtained from Fig. (1) to be
The aim of the protocol is to tune the parameter p of the weak measurement W such that the average fidelity is maximized and is higher than the original average fidelity. It is important that the naive solution of making a projective measurement with p = 1 (turning all input states of the channel into the invariant state |λ ) is not the best solution of this problem as we will show.
All qubit channels with one invariant pure state
The next step is to find qubit channels which have one invariant pure state. To this end, we note that any such channel can be connected in a simple way to a qubit channel whose invariant state is the state |0 . In fact, let E be an arbitrary qubit channel such that E (|λ λ|) = |λ λ|, then it is easy to show that the channel
has the invariant state S|λ where S|λ = |0 . Once we learn how to improve the average fidelity of E, it is straightforward to improve the average fidelity of E . Let the Kraus operators of the channel E be denoted by A i and its corresponding weak measurement by denoted by W 0 (λ) and W 1 (λ) as in (2), (3) and its compensation operator by F as in (4) . Then the Kraus operators of the channel E, will be given by A i = SA i S −1 and its weak measurement operators by
and the compensation operator by
In view of (6), the new Kraus operators for the channel E will be related to those of the channel E by the similarity transformation induced by S. As we will see this will lead to the same increase of average fidelity for these the channels E ad E (see Eq. (32)). For this reason hereafter we focus our attention to channels of the mentioned type, i.e. to channels whose invariant states is |0 0|. Once we learn how to increase the average fidelity of these channels, we will learn how to deal with any other channel. The next step is to classify all channels with the invariant state |0 0|. We do this in the following theorem:
Theorem: Every qubit channel with one invariant pure state is unitarily, in the sence of (7), equivalent to a channel of the following form:
with
where y 0 , y and x are real parameter subject to the trace-preserving condition
This is a four-parameter family of qubit channels which in view of our mathematical reduction exhaust all channels which have the state |0 as their invariant state. The form of Kraus operators cannot be simplified or their numbers cannot be reduced further.
Proof:
We first note that every qubit channel can be written with four Kraus operators
In view of (7), we take the invariant state to be |0 0| and
from which we obtain that m i = 0 ∀ i and hence the Kraus operators are of the form
From (14), we find i=0 |k i | 2 = 1.
Now we use the freedom of choosing Kraus operators by making linear unitary combinations of them and changing K i 's to A i 's according to
where U is a unitary matrix. Considering the above equation element-wise, we find that due to (15) 
This means that with a suitable unitary matrix U , we can rotate the vector k = (k 0 , k 1 , k 2 , k 3 ) to a = (1, 0, 0, 0). The new Kraus operators are of the form
Imposing the trace-preserving property on these new Kraus operators, we find the following conditions
where x = (x 1 , x 2 , x 3 ) and y = (y 1 , y 2 , y 3 ) are complex vectors. Furthermore we note that if E has the invariant state |0 0|, then the channelẼ(ρ) = T E(ρ)T † , where T = 1 0 0 e iφ , has also the same invariant state. This will allow us to take the parameter y 0 to be a real parameter. To make further simplification, let
One can now use a further unitary transformation in the form
where Ω ∈ SU (3) and transform the two complex vectors x and y into the following form
Then the final form of the Kraus operators (which are now 3 instead of 4) will be as in (11) . This completes the proof. 
One can then rotate these channels as in (7) to any other channels with two orthogonal invariant state, i.e. bit-flip or phase-flip channel. One can also show that there is no qubit channel with two non-orthogonal invariant states.
The increase in average fidelity
We can now proceed to compare the average fidelities of the channels discussed in section (3) with and without pre-and post-processing. Let a general channel have Kraus operators K i . Then the average fidelity is obtained from
where
in which d|ψ is the uniform integral over the surface of Bloch sphere. Let K = k l m n be a general matrix and |ψ = α β ≡ cosθ 2 sinθ 2 e iφ be a general pure state. Then by performing the integrals of the form A := 1 4π d cosθdφ A , we find
and all other combinations are equal to zero. Therefore for any matrix of the above form, we have
With this formula, we can calculate all the fidelities of the two classes of channels and compare their performances with and without weak measurements. Before proceeding, we can simplify the formula of average fidelity even further. In view of (26) and (28), the average fidelity before the processing is given by
and since 2 i=0 A † i A i = I, equation (29) can be written as
Since the new channel is still a completely positive trace-preserving map, and hence
the average fidelity after the pre-and post processing can be expressed as
The increase of the average fidelity due to weak-processing is now given by
We can now calculate and compare the average fidelities before and after weak-processing.
From (11) and (6) we find the Kraus operators of the new channel to be
Using this last equation and simplifying the algebra, we find
Note that for p = 1 2 , where W 0 = W 1 = 1 √ 2 and hence no measurement, we have ∆F = 0 as it should be. One can find the optimal value of the weak-measurement parameter p. To do this, let us focus on the p-dependent part of the right hand side of (33), namely the function f (p) . Thus we find df dp
and d 2 f dp 2 = −1 2 y 0 (p(1 − p)) 3 2 .
(36)
When y 0 < 0, due to (36), the function f and hence ∆F have only a local minimum and their optimal (maximum) value are obtained for the boundary points p = 1 where it is given by
This corresponds to a projective measurement with W 0 = |0 0| and W 1 = |1 1|.
However when y 0 ≥ 0, the function f and hence ∆F attains their local maximum value at p opt which is defined by setting df dp = 0, that is p opt is the solution of the following equation:
Squaring both sides and simplifying gives the optimal value of p p opt = 1 2
the positive sign is acceptable for y 0 > 0 since according to (39), (1 − 2p) should be negative for y 0 > 0.
Inserting this back into (33) and using the trace-preserving condition y 2 0 + x 2 + y 2 = 1, gives the optimal value of ∆F as
Plots of p opt and ∆F opt are shown in figure (2) .
It should be noted here that we have presented a general framework for state protection by using weak measurements. Our scheme does not rely on a specific input state or a specific quantum channel. For each channel, one just needs to find the corresponding invariant state |λ and then by constructing the weak measurement operators, one can run the protocol. 
Conclusion
Using weak measurements we have introduced a general scheme to protect an unknown qubit state against decoherence produced by the large class of qubit channels having one invariant pure state. All such channels have been characterized and the appropriate weak measurement which counteracts their de-coherence has been identified. The scheme consists of making a weak measurement close to a projective measurement based on the invariant state and its orthogonal state. One can then feed the favorable outcome (close to the invariant state) directly into the channel and the unfavorable outcome (close to the orthogonal to invariant state) after acting with an appropriate unitary operator and then inverting again after passing through the channel. It similar to when one passes through a short gate and bends one's head and erects his head again after passing. The scheme is independent of the input state and depends only on the channel being considered. The net effect is an increase in average fidelity as shown in figure (2) .
